This paper describes the formulation of a hybrid model with fully gyrokinetic ions and a zero-inertia fluid model for the electrons. The electron fluid equations are derived from moments of the drift kinetic equation, taking the small mass ratio limit, but with finite electron temperature. This model eliminates the inertial Alfvén wave and any physics relating to electron transit motion, making it useful for studying low frequency, high ␤ (␤ӷm e /m i ) electromagnetic turbulence as well as kinetic magnetohydradynamics ͑MHD͒ physics including kinetic ballooning and toroidal Alfvén eigenmodes. Electromagnetic effects (␦B Ќ ) are included through the parallel ion and electron current. A predictor-corrector scheme for the fluid part that is consistent with the gyrokinetic ion part has been developed. Here we derive the model equations, derive the linear kinetic-fluid theory in a three-dimensional shearless slab, and compare the simulation results with the linear theory.
I. INTRODUCTION
The development of gyrokinetic simulations of turbulence and transport in tokamak plasmas with electromagnetic effects and nonadiabatic electron physics is a present-day research challenge. Over the past few years significant progress has been made. Simulations with kinetic electrons have been successfully applied to the study of IonTemperature-Gradient ͑ITG͒ driven instabilities, 1,2 internal kink modes 3, 4 and collisionless reconnection. 5 The numerical difficulty associated with the calculation of the inductive component of the parallel electric field is solved by either using a generalized Ohm's law 1 or using the parallel canonical momentum formulation. 2, 3 The electron free-streaming poses a constraint on the timestep, which is typically much smaller than that used in simulations with adiabatic electrons. Techniques for increasing the size of the time step, such as electron sub-cycling, 2 implicit moment methods 6 and, more recently, the development of the split-weight scheme, 7 have been successfully demonstrated for problems of lower dimensionality and simplified geometry.
Despite the progress toward direct simulations with kinetic electrons, simulations in realistic geometry and with plasma parameters remain a challenge. The time step achieved through the split-weight scheme, 7 as given by k ʈ v Te ᭝tϷ1, is still unnecessarily small compared with the time scale of drift waves or ITG instabilities. In addition, there are difficulties in extending the simulation to problems of higher dimensionality and large plasma ␤ ͑or small magnetic skin depth͒. 2, 8 In this paper we present an alternative electron model for studying electromagnetic effects. The primary goal is to obtain the electron parallel current for electromagnetic simulations, while eliminating electron transit motion, thereby avoiding any accuracy or stability constraints on k ʈ v Te ᭝t, as well as electron free streaming noise. Hybrid simulations of this type with conventional particlein-cell ions and conventional fluid equations have been used previously. [9] [10] [11] This hybrid approach has been suggested earlier [12] [13] [14] and similar drift-fluid electron equations have been used in electromagnetic gyrofluid simulations. 15 This approach provides a natural extension of previous electrostatic turbulence simulations to include the effects of electron EÃB flow and the electron pressure gradient ͑i.e., * e effects͒.
This model is useful because it is relatively simple and works well at high ␤. The purpose of this paper is to describe the model in general geometry as well as demonstrate its use in a simulation with three-dimensional ͑3D͒ shearless slab geometry where it can be easily compared with exact analytic linear theory. Fully toroidal results will be presented in a future paper. The dispersion relations for both the hybrid model and with fully kinetic ions and electrons in a shearless slab are derived and compared with simulation results. We will show that both the ITG instability and the shear Alfvén wave are included in the simpler hybrid model. Comparisons of the fully kinetic linear theory with the hybrid linear theory indicate that the hybrid model gives fairly good frequencies and growth rates. The paper is organized as follows. In Sec. II we discuss the model equations. In Sec. III the linear theory is discussed. Then in Sec. IV simulation results are presented and compared with the linear theory in Sec. III. Further details of the predictor-corrector algorithm for the fluid electron equations are given in the Appendix.
II. DRIFT-FLUID ELECTRON MODEL
In this section the drift-fluid electron model is discussed. The ions are treated as fully gyrokinetic using the fully nonlinear ␦ f method. Details of how the ions are treated can be found in Refs. 16-20,1,2 and references therein.
We begin with the drift-kinetic equation for electrons
͑1͒
where bϭbϩ␦B Ќ /B, bϭB/B, B the equilibrium magnetic field,
which is valid for small ␤, ␤Ӷ1. ␦B ʈ is also neglected.
Integrating Eq. ͑1͒ over velocity we obtain the following continuity equation
The 
We will call this Ohm's law. The (␦B Ќ /B)•"P ʈ0e term is important in reproducing the correct mode frequency when comparing to fully kinetic electrons. Equation ͑3͒ can be generalized to include collisional parallel resistivity and a Landau-fluid term to model collisionless dissipation,
where Lf (k ʈ )ϭ(ͱ/2)(͉k ʈ ͉v te m e /e). The appearance of k ʈ requires significant change to the numerical algorithm developed in this paper. Finite inertia effects can also be included by adding a linear term n o m e ‫ץ‬u ʈ e /‫ץ‬t to the righ-hand side of Eq. ͑3͒. In this paper only Eq. ͑3͒ is used. We can continue taking higher moments of Eq. ͑1͒, however, for cases of small e , we can simply assume ␦T Ќ Ϸ␦T ʈ Ϸ0, hence,
͑5͒
␦P ʈ ϭ␦n e T ʈ0 .
͑6͒
Snyder 15 has shown that when e is not small and electron thermal velocity is larger than the phase velocity for waves of interest, the electrons will rapidly thermalize along the perturbed magnetic field line. In such a case, it is appropriate to use a constant temperature along the perturbed magnetic field line
The electrostatic potential satisfies the quasi-neutrality condition, 17 which is in Fourier space,
where bϭ(
, ␦ n i is the gyroaveraged ion density. The vector potential is given by Ampere's law,
Then ␦B Ќ ϭ"A ʈ ϫb and EϭϪ"Ϫ(‫ץ‬A ʈ /‫ץ‬t)b, and we use the following equation for A ʈ :
Equations ͑2͒, ͑3͒, ͑8͒-͑10͒, together with the gyrokinetic equation for ions, constitute the gyrokinetic-ion drift-fluidelectron hybrid model which is the topic of this paper.
III. LOCAL DISPERSION RELATION
In this section we derive the linear dispersion relation for the hybrid model as discussed in the previous section. This will give information regarding what type of waves and instabilities are contained within the model. The dispersion relation also provides a rigorous and analytically tractable result which we will use to validate the hybrid simulation model.
Consider a shearless slab where BϭB 0 ẑ. We will use 1/ ci for the unit of time, i ϭm i v t /qB 0 for the unit of length. The ion gyrokinetic equation, linearized around a Maxwellian background, f 0 ϭ͓n 0 /(2) 
with the following definitions
where
The linearized continuity equation and Ohm's law using the normalized units are
where ␤ϭv ti 2 /v A 2 and v A ϭB 2 / 0 n 0 m i is the Alfvén velocity. The electron temperature is given by Eq. ͑7͒
Equations ͑19͒-͑21͒ are then combined with Eqs. ͑8͒ and ͑9͒ to give
where kЈ Ќ 2 ϭ1Ϫ⌫ o (b). Upon substituting the ion density and current, Eqs. ͑12͒ and ͑13͒, into Eqs. ͑22͒-͑23͒ the following dispersion relation is obtained:
where ϭT e /T i . This is compared to the dispersion relation with fullydrift kinetic electrons 1 ͑assuming T e ϭT i for simplicity͒ 
͑26͒
With k Ќ and k ʈ specified, Eq. ͑24͒ and Eq. ͑25͒ can be solved by searching the various complex domains for different modes. In particular, we find the generalized Newton's method 22 very useful for locating some of the modes. Write the dispersion relation as D()ϭ0. For any complex we evaluate 0 ϭϪD()/DЈ(). ͑or 0 ) is close to a root if ͉Ϫ 0 ͉ is sufficiently small.
Assuming e Ӷ1, M e Ϸ1 and N e Ϸ (/k ʈ ) (1Ϫ⍀), which is valid for the ITG and electron-drift-wave instabilities as well as for shear Alfvén waves at moderate ␤, (␤m i /m e Ͼ1), Eq. ͑25͒ then reduces to Eq. ͑24͒. With ␤ ϭ0, Eq. ͑24͒ finally reduces to the following dispersion relation:
This is precisely the same dispersion relation one would get in the electrostatic case with adiabatic electron response ␦n e ϭ. The right-hand side of Eq. ͑24͒ stands for the finite ␤ effect. As will be seen numerically in Sec. IV, this finite ␤ effect is always stabilizing for the slab ITG instability considered here. The H mode, given by
which appears in a fully kinetic treatment of electrons in zero-␤ limit, 23 does not appear in this hybrid model due to neglecting the electron inertia. The shear Alfvén wave is the highest frequency normal mode present. To see that the shear Alfvén wave is present, we take LϭM ϭNϭ0. That is, neglecting the ion response except the ion polarization density in the gyrokinetic Poisson equation. We also assume a uniform plasma, n ϭ Te ϭ0, and make the approximation kЈ Ќ 2 Ϸk Ќ 2 for small k Ќ i . Equation ͑24͒ then reduces to the usual shear Alfvén wave 2 
as expected. In general, the constant temperature assumption along the field line should be used, Eq. ͑7͒. However, numerically inverting Eq. ͑7͒ is time-consuming, especially in toroidal geometry where complicated boundary conditions in the parallel direction are often employed. We note that, when linearized equations are used for the electrons, the electron temperature ␦T e can be eliminated from Eq. ͑3͒ and Eq. ͑7͒.
This approach is adopted in the simulations presented in this paper. The inversion of Eq. ͑7͒ is then avoided. Figure 1 shows the dispersion relation for the shear Alfvén wave with k x i ϭ0.1, k y i ϭ0.3, k ʈ i ϭ7.14ϫ10 Ϫ4 . Other parameters are Ti i ϭ0.1, Te i ϭ0, n i ϭ0.01, m i /m e ϭ1837. Results from both Eq. ͑25͒ and Eq. ͑24͒ are shown. For large ␤ the two models agree, but at very low ␤ the two differ due to the existence of H mode in the kinetic dispersion relation. Figure 2 shows the frequency and growth rate for the ITG mode. As can be seen, growth rates from the two models agree very well. It has been shown by Chen 24 that for Te ϭ0 linearly the fluid electron model presented here agrees with electron equations derived using a rigorous perturbative treatment of the electrons based on the small parameter m e /m i .
IV. SIMULATION DETAILS AND RESULTS
A predictor-corrector scheme has been employed to integrate the model equations in time. Both the gyrokinetic Poisson equation ͑or quasi-neutrality condition͒ and Ampere's law are solved spectrally. A prominent feature of this scheme is that the Ampere's law is solved ''backwards,'' that is, u ʈe is obtained from A ʈ , which is evolved from Eq.
͑10͒.
This scheme has also been tested in recent electromagnetic gyrofluid simulations by Snyder. 15 Snyder's simulations use a pseudo-spectral method. In the hybrid simulation presented here, it is impossible to take a fully spectral approach in the perpendicular plane as done with gyrofluid simulations because the particle trajectories are integrated in real space. Furthermore, simulating the ions with ␦ f method introduces noise. As was shown in the previous section, the shear Alfvén waves can propagate even without the ion response ͑aside from the polarization density in the Poisson equation͒. The particle noise, once generated by the discrete ions, will persist and propagate in the simulation. The main purpose of this paper is to develop a 3D simulation in a simple shearless slab geometry where the comparison with exact analytical results is straightforward. An outline of the actual predictor-corrector scheme is given in the Appendix.
Ions are simulated using the ␦ f method. 25, 20, 19 In a shearless slab, the evolution equation for the particle weights is
where f M is the Maxwellian distribution, which is nonuniform in x direction. g is the numerically loaded particle distribution. Four-point averaging is used for gyro-averaging the perturbed field. 23 Particles are loaded uniformly in real space. In velocity space, both uniform loading ͑with a cutoff velocity well above the thermal velocity͒ as well as Maxwellian loading are used. The two loading schemes agree linearly, but uniform loading appears to be less noisy in the nonlinear phase of the simulation. The simulation is initialized with random particle weights, random electron density ␦n e and vector potential A ʈ using ''quiet'' bit-reversed pseudo-random numbers. Figure 3 shows the linear evolution of one Fourier mode  with k x i ϭ0.1, k y i ϭ0.3, k ʈ i ϭ7.139ϫ10 Ϫ4 . The gradi- However, for moderate ␤ ͑so that v A Ӷv Te ) this condition can be easily satisfied, compared with the constraint k ʈ v Te ᭝tр1 in kinetic simulations of electrons. As can be seen in Fig. 3 , the Alfvén wave dominates in the early stage, then the unstable ITG mode grows and eventually dominates. Fourier analysis shows that the frequency of the fast oscillations is indeed in the range of the fast branch of the shear Alfvén frequency ͑see Fig. 1͒ , which is A ϭϪ3.3 ϫ10 Ϫ2 ⍀ i in this case. The complex frequency of the ITG mode is calculated from the dispersion relation to be ITG ϭ(Ϫ1.03ϫ10 Ϫ3 ,1.26ϫ10 Ϫ3 )⍀ i . The simulated result, estimated from Fig. 3 , is (Ϫ1.03ϫ10 Ϫ3 ,1.21ϫ10 Ϫ3 )⍀ i , which is in very good agreement with the dispersion relation.
A more illustrative test of the simulation scheme is to show the finite ␤ stabilization of the ITG instability. This has been difficult to observe in a two and three dimensional fully kinetic simulations. 8 The problem appears to be related to the resolution of the electron magnetic skin depth, which is inversely proportional to ␤. 2, 26 To show significant stabilization of the ITG instability, the electron skin depth is typically a very small fraction of the ion gyroradius (ϳ᭝x in gyrokinetic simulations of ITG modes͒, and this causes a resolution problem for kinetic simulations with electrons. For the hybrid simulation, the finite ␤ stabilization is readily seen. Figure 4 shows the frequency and growth rate of the same ITG mode as in Fig. 3 , but varying ␤. Results from both the dispersion relation and the hybrid simulation are shown. As can be seen, the agreement between the two is very good.
Finally, Fig. 5 shows the result of a simulation with nonlinear ion and linear electrons, i.e., keeping only linear terms in the fluid equations. When all the nonlinear terms are included in the electron equations, the simulation does not saturate well in a shearless slab geometry. The parameters are: n i ϭ0.01, Ti i ϭ0.04, Te i ϭ0. Modes with k Ќ Ͼ1.0 are filtered using a e Ϫk Ќ 4 filter applied to ion density and current. Also, to ensure full convergence, only Fourier components with k ʈ ϭ0,Ϯ2/L z are retained in the simulation. The grid resolution is N x ϫN y ϫN z ϭ64ϫ64ϫ64 using the same physical box size as in Fig. 3 . The time step is ᭝t⍀ i ϭ4, with 2 097 152 particles. The large number of particles and large N z are necessary for a well-converged result. Figure 5 shows the evolution of energy flux for the adiabatic electron case ͑dashed͒ and the electromagnetic case with ␤ ϭ0.01. Consistent with the linear result, the nonlinear heat flux is lower in the electromagnetic case. Detailed analysis of nonlinear simulations, in particular simulations using a fieldline-following flux tube simulation, 27, 28 will be reported in a future paper.
V. SUMMARY
In this paper we presented a hybrid gyrokinetic-ion driftfluid-electron model for the study of electromagnetic turbulence in tokamak plasmas. The motivation is to provide a very simple electron model that provides a parallel electron current and Alfvénic physics. This model is useful at high ␤ and the electron transit motion does not need to be resolved numerically. This model could also be further extended to be used in combination with a drift-kinetic electron model. For example, one could close the electron fluid equations with ␦ f e from particles. [29] [30] [31] Another possibility would be to use this model for passing electrons and use a bounced-averaged model 32, 33 or split-weight scheme 7 for trapped electrons. The model presented here does circumvent the problems associated with the fast free-streaming motion of electrons in a kinetic electron simulation, but it is a much simpler reduced physical description. This model may be useful for studying ITG instabilities where finite ␤ effect is important and where the details of electron dynamics are not crucial. It was shown here that for large i the hybrid model agrees fairly well with linear kinetic theory. An explicit predictor-corrector scheme has been developed and demonstrated by benchmarking the simulation results against linear theory for a shearless slab. We believe that the numerical scheme can also be applied to a flux tube geometry and such a code is under development. Results of toroidal simulations will be reported in future papers.
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APPENDIX: OUTLINE OF THE PREDICTOR-CORRECTOR SCHEME
In this appendix we give a brief outline of the numerical scheme ͑z denotes ion coordinates͒ and the sequence in which quantities are calculated. In the following superscripts (n or nϩ1) denote the time step, tilde quantities denote the predicted values. 
Predictor step

